Abstract. Axial Graphs are networks whose nodes are linear axes in urban space, and whose edges represent intersections of such axes. These graphs are used in urban planning and urban morphology studies. In this paper we analyse distance distributions between nodes in axial graphs, and show that these distributions are well approximated by rescaled Poisson distributions. We then demonstrate a correlation between the parameters governing the distance distribution and the degree of the polynomial distribution of metric lengths of linear axes in cities. This correlation provides 'topological' support to the metrically based categorisation of cities proposed in [1] . Finally, we attempt to explain this topologico-metric categorisation in functional terms. To this end we introduce a notion of attraction cores defined in terms of aggregations of random walk agents. We demonstrate that the number of attraction cores in cities correlates with the parameters governing their distance and line lengths distributions. The intersection of all three points of view (topological, metric and agent based) yields a descriptive model of the structure of urban networks.
introduction
Network analysis has a history of dealing with social networks (acquaintances, academic collaborations), information networks (the web), communication networks (the internet, telephone lines) and many other 'real world' examples. Urban networks are a relatively recent addition in this context. Contemporary urban studies literature provides two main approaches to network representation of urban space. The first of these approaches, the so called primary representation of urban networks, makes the seemingly intuitive choice of representing junctions in urban networks as nodes, and street segments that connect junctions as edges. This primary representation is used for many purposes, such as traffic modelling and urban planning. However, primary representations miss out on crucial aspects of social function in space. In fact, the primary model is quite useless, unless it is complemented by such information as the distribution of social attractors along the system and/or the metric length of edges (street segments) in the network. Indeed, from a network analysis point of view, primary models typically yield deformations of a two-dimensional regular grid, with almost all nodes (junctions) having degrees 3 or 4. Since primary models are planar, they must also be very sparse. In fact, even the upper bound for degrees is very small. All this means that a network analysis of primary models requires additional metric and functional information in order to yield viable results ( [2] is a good demonstration of this fact).
In order to find a representation of urban space, which is more fruitful from the point of view of strictly graph oriented network analysis, we can examine the way we give directions for getting from one urban place to another. When giving directions we do not describe every intersection, and do not account for every street segment through which we pass. Rather, we typically instruct people to follow linear axes, and single out only those intersections where one should make a turn, that is, cross from one axis to another. Intersections that connect two segments of the same axis or street are usually ignored. In terms of way-finding and urban orientation, then, urban linear axes can be viewed as constitutive units, which are related to each other by means of intersections. The constitutive role of linear axes of sight and motion in the cognitive representation of space is by now already old and established. It goes back to [3] , and in less formal terms as far back as Gibson's seminal [4] .
This point of view leads to the so called dual representation of urban space. In dual representations we do not view standard cross-intersections as nodes that spawn four edges (street segments), but rather as links that connect the two crossing streets. It's the two linear axes that are represented by nodes, and the fact that they intersect is represented by an edge connecting these nodes. The dual representation of a standard cross-intersection, then, consists of two nodes (the two crossing streets) connected by an edge (the intersection). Figure 1 illustrates the transformation. [1] , [5] , [6] , [7] , [8] , [9] , [10] , [11] and [12] .
While dual representations might appear awkward and isoteric, such representations have found a place at the heart of a 20+ years old line of research called space syntax. This line of research is introduced in [13] and [14] . Those books, together with subsequent research, prove that the dual representation of urban space is a useful instrument for analysing centrality phenomena (the main underlying concern of this paper) [15] , [16] , [17] , [18] , crime patterns [19] , residential space typology [20] , cognitive mapping [21] and many other aspects of the social function of space. Note,however, that if several streets are connected to each other in a straight line, they will be considered as a single axial line, and, on the other hand, if a street is curved, it will be broken into a concatenation of intersecting straight axial lines. An urban space includes an infinite number of axial lines, but the axial map includes only the minimal set of longest axial lines crossing the city, such that any point in the urban space is visible from an axial line in the map, and such that any pair of disjoint axial lines in the map that can be linked by a third axial line are so linked. Algorithms for generating axial maps are offered in [22] and [23] .
The axial map gives rise to an axial graph, where nodes are axial lines, and edges connect nodes that represent intersecting lines. The graph distance between two nodes represents the least number of direction changes required when traveling from one of the corresponding axial lines to the other (of course, when one considers curved streets, this description is problematic, as the actual direction change is continuous, and the direction changes in the axial map are discrete).
The overall purpose of this paper is to point out structural regularities in axial maps of cities, and use them to provide a better understanding of their functioning as networks of social phenomena. For this purpose we will use statistical and agent based analytic tools, and include both metric and so called 'topological' points of view. But this paper has another raison d'être. Even for researchers who have no interest in urban space, and even for those who consider the axial map to be nothing but an approximate 'toy model', this paper may suggest new directions for the development of network analysis by pointing out new phenomena and new methodologies, which may be applied to other networks.
The first concern of this paper is to model the distance distribution between nodes in the axial graph (namely the distribution of least number of turns required to get form one random axial line to another). This distribution turns out to be highly constrained, and in some sense approximately uniform for all cities considered in this study. The model for the distribution is a rescaled Poisson distribution, calibrated by two parameters (a secondary model considered is the Weibull distribution).
The next step in this paper is to relate the distance distribution of axial maps to scaling properties of cities. The so called Zipf Law claims that the distribution of city sizes follows a power law. This was the first of many power law distributions discovered in the context of urban structures (see [24] for a survey). The observation relevant for this paper belongs to [1] , which noted that the distribution of axial line lengths in a large number of cities follows a power law. The present paper shows that the distributions of axial line lengths and of axial graph distances are quantitatively related to each other. In simplified qualitative terms the statement is as follows: the more concentrated the (polynomial) distribution of metric line lengths for a given city, the less concentrated is the (rescaled Poisson) distribution of graph distances between the nodes of its axial graph. In fact, we find a significant correlation between the degree of the polynomial which characterises the distribution of line lengths and the parameters which determine the concentration of the rescaled Poisson distribution of distances.
But the relation between the two distributions is even more tight than that. For most cities studied in [1] the degree of the polynomial distribution of line lengths is very close to either 2 or to 3, putting most cities in either of two categories. It turns out that for the first category of cities the rescaledPoisson indeed approximates very well the graph-distance distribution, but for the second category the Weibull distribution is actually a slightly better approximation. The two metric line length distribution categories turn out to be correlated with somewhat differently shaped graph distance distributions. This demonstrates a definite link between a 'topological' and a metric feature. That these two a-priori independent structures -metric and 'topological' -should be correlated, indicates strong constraints on the structure of contemporary cities.
Finally, and most importantly, we attempt to articulate a functional, rather than statistical, correlate of the two distinct city categories. Our conjecture is that cities, where graph distances between random nodes are more tightly concentrated around a typical value (or, equivalently, the line lengths distribution is more spread out), are dominated by a strong global centre. On the other hand, where graph distances are more spread out (and the line lengths distribution is more concentrated) the city will be characterised by a distributed network of local centres. These phenomena, which arise from a mathematical analysis, may be related to cultural, historical, topographical or planning-related circumstances.
To test our conjecture, we perform a random walk based experiment on the axial graphs. The findings confirm that in the former category of cities random walk agents tend to converge around very few global centres, whereas in the latter category random walk agents tend to disperse among a larger number of local centres. I hope that the methods, regularities and correlations reported in this paper may be relevant to the analysis of other networks as well.
The paper is structured as follows. Section 2 describes the model for the distance distributions of the axial graphs. Section 3 describes the relations between the graph distance distribution and the distribution of axial line lengths. Section 4 comments on the relation of axial graphs to small worlds, introduces the relevant modified random walk, relates results from the previous sections to the results of the random walk experiment, and presents the overall emerging urban morphology model. The appendix engages in a critical evaluation of axial maps as a viable object and instrument of research.
The model and the quality of approximation
The object we wish to approximate is the distribution of graph distances between random nodes in axial graphs. We used the standard Dijkstra algorithm to compute distances between all pairs of nodes in graphs, and then extracted the observed distribution of distances between random nodes. Figure 2 shows two examples of the distance distribution, one which is highly regular, and another which is less so. The primary model which we consider is the following rescaled Poisson distribution 1 density function:
, where λ and s are parameters, and the Γ function is the analytic extension of the factorial function to non-integer values (Γ(n + 1) = n! for integer n).
As long as λ is not too small (as is the case in the context of this paper), the expectation of this distribution is approximately λs, and the variance is approximately λs 2 .
1 Actually, this rescaled Poisson is not exactly a distribution, because the values do not sum to exactly 1. The error, however, is negligible compared to the error in approximating the observed distributions, provided λ is not too small (as in the context of this paper), so I do not bother renormalising. Figure 3 , will be shown to approximate the probability that the distance between two random nodes in the axial graph is exactly n. s is a rescaling parameter that indicates the level of concentration of the distribution relative to a given value of λ or a given mean λs. iven λ or λs a lower value of s means a more concentrated distribution, so a tighter range of distances have a substantial probability of occurring empirically. The second distribution we consider is the discretised Weibull distribution 2 density function, given by the formula
where µ and t are parameters. Again, we will study how well this distribution approximates observed distance distributions. The parameter t can be considered, as above, a concentration parameter. For a given µ, a larger t yields a less concentrated distribution density function (see Figure 3). The mean of the Weibull distribution is tΓ(1 + 1 µ ) and the variance is Table 1 below summarises the quality of approximation of the observed distance distribution by the model distributions in a database of 30 axial 2 Again, the values of the discrete version of the Weibull distribution do not sum up to exactly 1, but, as above, the error is not significant for our purposes given the range of parameters relevant for this paper.
maps from all over the world. The database was borrowed from [1] . Plots of a relatively good and a relatively poor quality of approximation are available in Figure 4 . The first column in Table 1 Before we continue with the analysis of results, we need to provide some motivation for choosing our models. There is not much information in the literature about precise modelling of distance distributions in networks. Some sources ( [25] , [26] , [27] and [28] ) found that some small worlds exhibit very tight Gaussian distance distributions. [29] proves that the distance distribution in the Erdös-Rényi model is exponential after a certain distance threshold (note that the exponential distribution is a special case of the Weibull distribution). Finally, [30] reports a Gamma distance distribution between nodes in internet based graphs. I have tested axial graphs' distance distributions against all these models, but the results were not quite satisfactory. It was clear that for the networks at hand a model was required that maintains a relatively low concentration and allows to adjust the thinness of the tail.
One can motivate the Poisson distribution in the following way. In an expander type graph, where the number of vertices at distance n grows exponentially with n up to a certain threshold (as in the case of Erdös-Rényi random graph), we get P (n) = CP (n − 1), where P (n) is the probability that two vertices are at distance n from each other, and C is some constant.
In non-expander graphs, such as an axial map, we would expect something of the form P (n) = C f (n) P (n − 1), where f is increasing. If we set f (n) = n (to obtain neighbourhoods that initially increase in size as a power of their radius, as suggested in [18] ) we get a Poisson distribution. If we set f (n) to be n 1/s instead, we get a good approximation of a rescaled Poisson, and a viable empirical model for our purposes.
The Weibull distribution can also be motivated by a thumb-rule explanation. The Weibull distribution represents the life span of components whose chance of demise increases regularly over time (given the range of parameters relevant to this paper). In our context, one can think of a trip between random nodes as a 'component' -the chance of getting to the destination (the trip's 'demise') increases as the number of steps ('time') increases. But both motivations above obviously make only very preliminary explanations. They are different ways of saying that we expect the ratio P (n)/P (n − 1) to be regular in n. Finding the best model involved an educated process of trial and error.
Correlations between the distance distribution parameters and a metric typology of cities
First we must note that the analysis we are doing has nothing to do with the number of axial lines in the maps. The left-hand graph in Figure 5 demonstrates the lack of correlation between the number of axial lines in Recall that the rank distribution of line lengths in axial maps was shown in [1] to be approximately polynomial, with a distribution density function of the form p(x) = cx −1−α for some value α characteristic of each city.
The most important positive observation in this section is that there is a significant correlation (r 2 = 0.69) between each of the parameters of the best fitting rescaled Poisson (both λ and s) and the parameter α, which characterises the distribution of metric line lengths (the correlation against s improves to r 2 = 0.79 if we exclude Istanbul, the main outlier). Now, a high α means that the city has a smaller number of relatively long lines. One would therefore expect to have to go through more lines to cross from one random node to another. As a result a higher average distance between random nodes (larger λs) is to be expected. Since the distance distribution is 'tied' to zero at one side, and since it doesn't get very tight, we would expect that a larger mean will also be correlated with a weaker concentration (larger variance λs 2 ). Indeed, such expected correlations do exist. But these correlations are weaker and more trivial than the correlation presented above. s is in fact the ratio between the variance and mean of the rescaled Poisson distribution. Therefore, the correlation we point out here, between α and s, relates α to a measure of the concentration of the distribution relative to its mean. So a smaller α is correlated with a tighter concentration, and this correlation becomes more significant when we normalise by factoring out the trivial effect of the mean on the concentration.
To appreciate further this result, it is crucial to understand that we are dealing here with two extremely different parameters: the parameter α derives from the metric structure of axial maps, while the parameter s derives from the structure of the derived axial graphs, which do not explicitly include any metric information. Indeed, one can retain the same axial graph while deforming the axial map so that the lengths of axial lines suffer extreme changes. Of course, such distorted axial maps (that include very short lines with many intesections) would not represent real cities. What is demonstrated here, as in many other space syntax studies, is that the axial graph does implicitly code geometric information, mediated through the structural constraints of actual cities.
Note that the two most obvious outliers for the s against α fit ( Figure 5 , right-hand graph) are Istanbul and York, which also have the most visibly distorted observed distance distribution graphs. Istanbul is divided by a large body of water with few bridges across, and York has a sprawled tree-like structure, which stands out against the interlocking grids that characterise other cities. Exceptional statistic properties appear to have to do with exceptional urban structures.
In Table 2 below we present the size of each city, the λ and s parameters of the best-fit rescaled-Poisson distribution (least absolute residuals fit excluding observed values smaller than for distance 1), the µ and t parameters of the best-fit Weibull distribution, and the power α from the line lengths distribution as reported in [1] (the last parameter in the table will be introduced in the final section).
In the context of comparing the rescaled-Poisson and Weibull distributions, note that λ and t are extremely well correlated (r 2 = 0.97), as are s The next observation relates to a categorisation suggested in [1] . The authors note that most cities have a value of α close to either 2 or 3 (this is reflected also by the right-hand graph in Figure 5 ). The cities with α close to 3 coincide with the cities where the Weibull model outperforms the rescaled Poisson model in approximating the observed distance distribution, with only two exceptions (Dhaka has α close to 3, but is better modeled by a rescaled Poisson, and Seattle has α close to 2, but is better modeled by the Weibull distribution; both cities demonstrate other non-typical behaviours as well). In this sense, the observed distance distributions of cities with α around 3 have a slightly different shape than those with α around 2.
The correlation between the metric parameter α and the 'topological' parameters s and λ, together with the consistency between the metric categorisation (based on the value of α) and the 'topological' categorisation (based on the shape of the distance distribution density function), suggest that the evolution of contemporary cities is constrained by structural limitations which bring together metric and 'topological' considerations. It is a matter of further research to come up with a generative model which would explain these phenomena.
Can the statistical topologico-metric analysis tell us something about the functional structure of cities?
The first thing to note, on the functional level, is that axial graphs are not Small Worlds, as is expected given the underlying geographic constraints. trend. Another piece of evidence pointing against small world structure is provided in [31] , which shows that the neighbourhood size of a node in an axial graph usually increases as a power of the distance from the node, rather than exponentially, which would be expected if the graph were a small world. Further evidence against considering axial graphs as small worlds is available from papers researching the distance distribution of some small worlds ( [25] , [26] , [27] and [28] ). These papers suggest an extremely tight Gaussian distance distribution, which is not the rather less concentrated rescaled Poisson we see in axial graphs.
Another 'non-fashionable' property of axial graphs is that their degree distributions, according to my calculations, do not generally obey power laws. However, it is important to note that some researchers found that other versions of 'dual' urban representations are small worlds, and that their degree distributions do obey power laws. The sometimes conflicting findings of these researchers are reported in papers cited in the first paragraph of the introduction. Concisely put, we expect a smaller s (tighter distance distribution) to reflect a more centralised structure. Now, we already know that s is correlated with α. This means that a smaller α should also reflect a more centralised structure. Indeed, in a city with a single dominant core, we expect a larger number of relatively longer axial lines homogenising the periphery and connecting it to the dominant centre. In a city with a graded hierarchy of centres, however, the connection between periphery and centre will be broken into smaller segments advancing via local sub-centres. The result would be a smaller proportion of long lines, and a larger α.
These structural differences could be related to historical, topographical, cultural and planning related circumstances, and may have to do with findings concerning functional hierarchies in cities, such as those of [32] . Investigating such issues is beyond the scope of this paper. I would like, however, to describe an experiment which supports my conjecture relating the distributions of axial graph distance and metric line lengths to the centrality structure of cities. For this experiment I will not use empirical information concerning observed centres in the sampled cities. Instead, I design a graph theoretic experiment which is supposed to capture some notion of formal centrality.
The experiment is based on a random walk. The standard random walk on an undirected graph consists of agents, which, at each step, choose a uniformly random neighbour of the node they occupy, and move there. It is a well known and fundamental fact (the ergodic theorem for reversible Markov chains) that as the number of steps increases, the portion of steps spent at each node converges to a number proportional to the degree of that node (provided, of course, the graph is connected).
The experiment I suggest is a variation on this theme 3 . In this modified random walk the chances of an agent to move to a neighbouring node are proportional to the number of agents occupying that node. More explicitly, if we denote by P n (x) the number of agents at a node x after the n-th iteration (or step) of the walk, and by p n+1 (x, y) the number of agents that will move from node x to the adjacent node y at the (n + 1)-th iteration, we get the equation
(where ∼ denotes the adjacency relation between nodes), and subsequently
.
In lay terms, agents in the system are probabilistically attracted to crowds, as occurs in some social situations.
After many steps, the distribution of agents is concentrated in a few so called attraction cores. The final distribution of agents is not independent of the initial distribution, but an initial uniform distribution yields very similar results to initial distributions proportional to axial line lengths or to axial graph degrees. I therefore use a uniform initial distribution. 300 iterations are enough to guarantee that no more significant changes occur. The
London axial map in figure 7 shows the most occupied axial lines containing altogether 50% of the original agents after 300 steps of this modified random walk. In London these lines form 12 connected attraction cores containing 46 lines. The results for other cities are presented in Table 2 , where the number of connected components of the most occupied axial lines accounting for 50% of the agents -the so called attraction cores -is reported 4 . Figure 7 . The attraction cores of London -congregations of modified random walk agents after many random steps
What is the meaning of such an experiment? At this point it is not completely clear. Obviously, the random walk described above does not presume to reflect precisely the actual movement of humans, and the correspondence between the attraction cores picked up by the experiments and actual functional centres has not been properly researched yet. It seems that attraction cores capture junctions that indicate the existence of distinct spatial units or neighbourhoods around them, but this needs further validation.
It is clear, however, that the number of attraction cores presented in Table 2 correlates strongly with the other parameters considered in this paper, and does not depend significantly on the size of the city. Indeed, 4 The 50% threshold is arbitrary. Significant results are obtained with other thresholds as well.
as shown in Figure 8 , there is only a very small correlation between the number of nodes in the axial graph and the number of attraction cores (r 2 = 0.14), whereas there is a significant correlation between the values of the parameter s and the number of attraction cores (r 2 = 0.65). This is evidence that, as expected above, there is a quantitative connection between the centrality structure of a city and the distribution of distances between nodes in the axial graph. It would, however, be premature to state that we have positively related our topologico-metric structural analysis of cities to an actual functional feature of cities. To demonstrate such a relation one must look beyond the axial map to the social city. The first critique against dual representations is that they neglect metric distances, which have an obvious impact on the way we use space [33] . But one must bear in mind that dual representation of space do not presume to capture all functional aspects of space, as these representations are (like any representation) reductive. A main research concern in considering dual representations is to find precisely how much information about urban space can be derived from the dual representation alone, and where metric and functional information must be included to obtain finer results (this is done very explicitly and elegantly in [17] and [18] ). The advantage of dual models (which do not include explicit metric information) over primary models (which require additional metric information to be useful) is economicone gets substantial expressive power using a very limited amount of information.
As the list of references in the introduction demonstrates, the instru- Several approaches exist within space syntax to deal with this issue. They range from allowing controlled use of curved lines to taking into account the angle of direction change (e.g. [34] , [35] and [36] ). I chose to work with the standard axial map for two reasons. First, the above variations require calibration -what kind of weight should be assigned to which change of angle and what is the minimal angle that constitutes a turn. The history of these models is too brief to provide a clear answer, and calibrating the model for the purposes of this paper would allow an additional degree of freedom that would undermine the robustness of the results that I present.
Second, in the context of a macro-analysis of centrality, as in this paper, the research quoted above demonstrates that axial maps are a viable analytic instrument.
Another critique against axial maps is that different maps may result when drawn by different people using different methodologies and scales [37] [38] [39] (for a comprehensive and convincing rejoinder to this kind of critique see [40] ). More precisely, it is claimed that axial maps are sensitive to small variations in layout, which may result from differences in scale and from the simplification choices of the person drawing the map. However, this sensitivity is, in my opinion, not so much a bug, but a feature of axial maps. • Hand drawn Hamburg with public pedestrian spaces vs. hand drawn
Hamburg without public pedestrian spaces: difference in number of lines: +13%; difference in s values: -4%
• Automatically generated Hamburg (subset algorithm These results demonstrate that as long as methodologies are relatively similar, distance distribution parameters remain practically unaffected. Differences in judgement between people who draw maps according to similar methodologies are therefore practically irrelevant. In order to notably change the value of s one needs to use techniques which change the number of axial lines dramatically -but even then the change of s is not big 6 The minimal and subset algorithms are presented in [42] .
enough to affect the picture presented in this paper (the quality of approximation by Poisson and Weibull distributions remain stable, reported correlations remain significant, and the typology of cities remains unaffected).
Note also that axial map production techniques that substantially increase the number of axial lines also increase the value of s, as they add more marginalised spaces. However, the actual dataset of this paper shows no correlation between the number of axial lines and s ( Figure 5 ). This is further evidence that the findings of this paper are unaffected by artifacts of scale and methodology. Table 2 . Parameters characterising the distance distributions, line length distributions and attraction cores of cities in the study
